ANISOTROPIC ELLIPTIC EQUATIONS WITH GENERAL GROWTH IN THE 
GRADIENT AND HARDY-TYPE POTENTIALS 
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Abstract. In this paper we give existence and regularity results for the solutions of problems 
whose prototype is 

A 



-Qv = p(\v\)H(Dv) q + 



\v\ p - 2 v + f{x) inO, 



H°{x)p 

I v = on dQ., 

with D. bounded domain of R N , N > 2, < p - I < q < p < N, ySisa nonnegative 
continuous function and A > 0. Moreover, H is a general norm of R^, H" is its polar and 
Qv := ik(H(Dvy- 1 H e .{Dv)). 

1. Introduction 

In the present paper we study existence and regularity results for Dirichlet problems which 
involve a class of nonlinear elliptic operators in divergence form, under the influence of 
lower-order terms. Given a function H: R N — > [0, +°o[, N > 2, convex, 1-homogeneous 
and in C^K.^ \ {0}), we deal with operators whose prototype is the following: 



(1.1) 



Qv := Yj —{H{Dv) p - l H^Dv)), 



i=\ 



dx, 



with 1 < p < N. In general, Q is highly nonlinear, and extends some well-known classes of 
operators. In particular, for H(£) = |&D 7 > r > 1, Q becomes 



,= 1 ^Vyt=l 



/ N 



dv 



dxi 



(p-r)/r 



dv 



dxi 



r-2 



dv_ 

dxi 



Note that for r = 2, it coincides with the usual p-Laplace operator, while for r = p it is the 
so-called pseudo-p-Laplace operator. 

This kind of operator has been studied in several papers (see for instance jH, IfTTll . ETI . 
[|20ll, B21 for p = 2, and 151. 191. ll30H for 1 < p < oo). 

The aim of this paper is to study a class of equations whose prototype involves in its prin- 
cipal part the operator (11.11) . and a Hardy-type potential. Moreover, we are also interested in 
the influence of a lower-order term depending on the gradient. The problems we deal with 
are modeled on the following: 

-<3v = p{\v\)H{Dv) q + j \v\ p - 2 v + f{x) in Q, 



(1.2) 



v = 



H°(xy 



on dQ, 
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with Q bounded domain of R N , with e Q, N > 2, 1 < p < N, p - I < q < p, fi is a 
nonnegative continuous function, A > and / a measurable function on whose summability 
we will make different assumptions. Moreover, we denote with H° the polar function of H 
(see Section 2 for the precise definition). 

When H(£) = the general problem (11.21) reduces to 



(1.3) 



-A p v = 0(|v|)|Dv|* + T^-\vr 2 v + f(x) in Q, 
\x\P 



v = 



on dQ.. 



Equations like (11.31) have been widely studied in literature either in the case A = or when 
P = Q. 

In the case A = 0, it is well-known that for a general continuous function /?, a smallness 
assumption on some norm of / is needed in order to have existence results (see, for example, 
||2"3Tl25ll27ll2"Sl for yS = 1, or |[I1[I91|2S1E21|39| in the general case). Moreover, under some 
appropriate hypotheses on the function /?, it is possible to remove the smallness condition of 

/(see mmi 



In the case fi = 0, the existence of a solution of (11.31) can be proved under the assumption 
of A < A N (see lT2~6ll ). where A N denotes the best constant in the classical Hardy inequality. 
Moreover, if p = 2 in [15J some regularity results are proved. Surprisingly, the regularity of 
the solutions also depend on the size of A. 



As matter of fact, the influence of both terms in the right-hand side of (11.31) has been 
studied in [|2l[3]| in the case /? is a positive constant. In such papers, some existence and 
nonexistence results are proved. In particular, it is shown that when p = q there is no 
positive solution, even in a very weak sense, when / > and A > 0. 

Recently, in OTTl the authors study problems whose model is (11.31) with q = p and f3 
nonconstant, giving some existence and regularity results. More precisely, they prove that 
under a structural assumption on fi, which involves its behavior at infinity, if / e L'"(Q), 
m > 1 there exists a solution of (11.31) whose regularity depends on m and on the size of A. 

As regards the general problem (11.21) . in GUI we investigated the particular case with 
fl = and p = 2, namely 



(1.4) 



-Qv = 
v = 



A 



H°(x) 



■v + f{x) in O., 
on dQ.. 



Here D is a bounded open set of R N , N > 3, containing the origin, and A is a nonnegative 
constant. We studied the existence and the regularity of the solutions of (11.41) with respect 
to the summability of /, chosed in suitable Lorentz spaces, and the size of A. 

Our purpose is to study problem (|1.2I) for a general fi > and p-l < q < p. In particular, 
the novelties of the paper relies in two main topics. First, using symmetrization techniques 
we are able to fully analyse the case q < p that, up to our knowledge, also in the Euclidean 
case has been studied only in particular cases. Second, taking into account the structure 
of the operator, we use a suitable symmetrization argument, involving the so-called convex 
symmetrization (see [5], and Section 2 for the definition), which allows to obtain optimal 
results (see Remark I3T4"1) . 

To study problem (11.21) . we investigate the existence and regularity issues by choosing / 
in appropriate Lorentz spaces. Under suitable assumptions on fi, we find a critical value of 
A, which depends on fi and on the summability of /, such that a solution of (11.21) exists. 
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Moreover, we prove that the obtained solution and its gradient belong to suitable Lorentz 
spaces (see Section 3, Theorems 13 . 1 [ 13 . 21) . 

As usual, a key role is played by uniform estimates of the solutions of appropriate approx- 
imating problems (see Section 4), obtained by means of the quoted convex symmetrization. 

For ease of reading, we state the main results in Section 3, adding some comments and 
remarks. Their proofs are contained in sections 4 and 5. 

2. Notation and preliminaries 
Let N > 2, and H : R N -> [0, +oo[ be a C\R N \ {0}) function such that 

(2.1) H(t& = \t\H(&, V£ G R N , Vf 6 R. 
Moreover, suppose that there exist two positive constants c\ < C2 such that 

(2.2) ci|f| < H(g) < c 2 |f |, V£eR N . 
The polar function H° : R^ — > [0, +oo[ of // is defined as 

It is easy to verify that also H° is a convex function which satisfies properties (12.11) and (12.21) . 
Furthermore, 

The set 

W = {£eR n : H°(£) < 1}. 

is the so-called Wulff shape centered at the origin. We put k n = YW\, and denote *W r = fW. 
In the following, we often make use of some well-known properties of H and H°: 

H(DH°(&) = H°(DH{%)) = 1, Vf G R N \ {0}, 

H°(£)DH(DH°(£)) = H(Z)DH°(DH(&) = £ , Vf G R N \ {0}. 

Let Q. be an open subset of R N . The total variation of a function u e BV(Q.) with respect 
to H is (see 0): 

f |Du| fl = sup i f « divert: cr G C^(Q; R w ), # (cr) < 1 i . 
Jn {Jn. J 

This yields the following definition of anisotropic perimeter of F c R^ in Q.: 

P H (F;Q.) = J \D Xf \h = SU P jj^ divotfx: cr G C l (Q;R N ), H°(cr) < 1 
The following co-area formula for the anisotropic perimeter 

(2.3) \ H(Du)dx = \ P H ({u > s}, Q) ds, Vu e BV(Q) 

J{u>t) Jn 

holds, moreover 



P H (F:Q) = f H(v F )d<H* 

Jcind'F 

where Fi N 1 is the (N- 1) -dimensional Hausdorff measure in R N , d*F is the reduced bound- 
ary of F and v F is the outer normal to F (see 0). 



wv-i 
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The anisotropic perimeter of a set F is finite if and only if the usual Euclidean perimeter 



P(F; Q) = sup | J div crdx: cr e C^(Q; R' v ), \cr\ < 1| . 
is finite. Indeed, by properties (12.11) and (12.21) we have that 

(2.4) -|£|<#°(£><-|£|, 

c 2 Ci 

and then 

dP(E; Q.) < P H (E; Q) < c 2 P(E; Q). 
A fundamental inequality for the anisotropic perimeter is the isoperimetric inequality 

(2.5) P H (E;R N ) > n4\E\ 1 ~K 

which holds for any measurable subset E of R N (see for instance |[5l). 
Finally, if u e W u (^), then (see 0) 



I |D«|tf = I H(Du)dx. 
Jci Jn 



2.1. Rearrangements, convex symmetrization and Lorentz spaces. We recall some ba- 
sic definition on rearrangements. Let Q. be an bounded open set of R N , u : CI — > R be a 
measurable function, and denote with |fl| the Lebesgue measure of Q. 
The distribution function of u is the map /u u : R — > [0, oo[ defined by 

Such function is decreasing and right continuous. 

The decreasing rearrangement of u is the map u* : [0, oo[— > R defined by 

«*(5) := sup{? e R : p, u {t) > s}. 

The function u* is the generalized inverse of //„. 

Following [5], the convex symmetrization of u is the function u*(x), x e Q* defined by: 

u*(x) = u*(k n H°(x) n ), 

where Q* is a set homothetic to the Wulff shape centered at the origin having the same 
measure of Q, that is, Q* = <W R , with R = (g) 1 ^. 

The inequalities stated below will be useful in the next sections. 

Proposition 2.1. Suppose A > 0, 1 < y < +oo. Let if/ a nonnegative measurable function on 
(0, +oo). The following inequalities hold: 

r + °°( , r + °° V dt f +0 ° 

(2.6) j o m J ^ S )ds\ 7 <A-y^ {t i+x mr- 

and 

(2.7) \r* ^ mdsj j < A~y £ (t l -^(tWj. 
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We recall that a measurable function u : Q. — * R belongs to the Lorentz space L(p,q), 
1 < p < +00, if the quantity 

1/9 



, 1 < a < +00, 



sup t l/p u*(t), q = +00, 

, 0</< + «3 



is finite. 

In general \\u\\ P:(J is not a norm. As matter of fact, it is possible to introduce a metric in 
L(p, q) in the following way. Let us define 

IMI(p,f/) = \\ U \\p,qi 

with u**(t) = r 1 f u*(cr)d<T. We observe that also u** is a decreasing function, hence 
(u**)* = u** . By means of the inequality (12.71) and the properties of rearrangements, we have 
that for 1 < p < +00 and 1 < q < +00, 

\\u\\p, g < \\u\\(p, q ) < -^j\\u\\p, r 

Hence, the topology induced by || • || (p ^) and || • || M is the same, that is 

u n — > u in L(p, q) <=^> lim \\u n - u\\ p>q = 0. 

We stress that, for any fixed p, the Lorentz spaces L(p, q) increase as the secondary expo- 
nent q increases. Indeed, if 1 < q < r < +00, there exists a constant C > depending only 
on p, q and r such that 

More generally, the L(p, q) spaces are related in the following way: 

V c L(p, 1) c L(p, q) c L(p,p) = LP c L{p, r) c L(p, 00) c L q , 

for 1 < q < p < r < +00. 

More details on Lorentz spaces can be found, for example, in [fTTTl . 

In the next sections, a basic tool will be the Hardy inequality, stated below. 

Proposition 2.2. For any u e W hp (R N ), 

(2.8) f H(Du) p dx > A N f -^f-dx, 

Jr-v Jrn H°(x)p 

and the constant A N = {^y^f is optimal, and not achieved. 



If H(g) = |^|, (12.81) is the classical Hardy inequality. For a general H, (12.81) is proved 
in 11401. 

Remark 2.1. The inequality (12.81) . using the Polya Szego inequality in the anisotropic case 
(see [5]), can be rewritten as 

IMI P ., P < ^-^{ f HiDuYdx] , 

(N- p)4 N \Jw ) 

recovering the well-known result W ( !' p (f2) c L(p*,p) (see also 0). 



(3.1) 
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3. Statement of the problem and main results 

In this section we state the problem and the main results of the paper. The proofs of the 
theorems are contained in sections 4 and 5. 

Our aim is to prove a priori estimates and existence results for problems of the type 

- div (a(x, u, Du)) = b(x, u, Du) + g(x, u) + f(x) in Q, 
u = on <9Q, 

where a : Q. x R x R N —> M. N is a Caratheodory function verifying 

(3.2) a(x,s,{)-{>H(Zy, 
with 1 < p < N, and 

(3.3) \a(x, s, &\ < aQtr 1 + \ S \ p - { + k(x)), 

for a.e. x e Q, for any (s, f)elx R N , where a > and k e L p (Q,). Moreover, 

(3.4) (a(x, s, - a(x, s, f )) ■ (f - f ) > 0, 

for a.e. x e Q., for all s e R, £ ^ e R w . As regards the lower order terms, we suppose that 
b : QxRxR^^R and g : Q x R -> R are Caratheodory functions such that 

(3.5) \b(x, S ,Z)\<]3(\ S \)H(& q 

for a.e. x e £1, for any (s,g) e R x R w , with p - 1 < g < p, and /?: [0, +oo[-> [0, +oo[ is 
continuous. Moreover, 

n g(x, s)s < c(x)\s\ p , 

K } \g(x,s)\Zd(x)\sr l , 
for a.e. x e Q, and for all set, where c(x) and d(x) are measurable functions in £1 such that 

(3.7) (c + )*« < tj^-, V* 6 Q*, 

H°(x)P 

with A > 0, and rf(x) e oo). 

Finally, we take / is in some suitable Lebesgue or Lorentz spaces which will be specified 
in the following. 

If / 6 L((p*)',p'), we say that u e W l p (Q) is a weak solution of (ED if 

Ja(x, u, Du) ■ D<p dx = I [Z?(x, w, Dm) + g(x, u) + f]ipdx, 
n Jn 

for any y> e W l p (O) n L°°(Q). 

The summability condition on / given above is the one which yields solutions in the 
energy space W^ P (Q). 

In order to state the main results, we need further assumptions on f3 and A. First of all, let 

(3.8) fl(oo)= — P(t)rWdt\ <co, 



and, for 1 < m < -, define the value A(m) as 

0.9) m - t *»*iM^ 

mP(p - 1)p- 1 

The first result we get is the following. 
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Figure 1. Graph of the function F(a) = — (p - l)a p + (N - p)a p 1 in Remark 
13.11 Here we consider the case ^ > m > (p*)', and q = %Z~ p • 

Theorem 3.1. Suppose that (13.21) -f (13.71) . (13.81) /zo/rf. Moreover, suppose that § < A < 
A N e~ B (°°\ The following results hold: 

(i) //"/ e L((p*)',p'), problem (13.11) admits a weak solution u e 

(ii) iff € L(m, cr), wY/z (p*)' < m < -, max j-^-, l} < cr < +oo, and < A < A(m), then 
there exists a weak solution u to (ED such that 



\u\\ n,„( P -D , n < C\\f\\ 

N~mp ' ^ ' 



I 



From the embedding of Lorentz spaces, the above theorem gives immediately the follow- 
ing result. 

Corollary 3.1. Suppose that the hypotheses (TJH) - (LV7l).(IX8l) hold. If f e L m (Q.), with 
(p*)' < m < p and < /t < /l(m), wzY/z /l(m) as in (13.91) , z7zen z7zere ejas?s a weak solution u 
to (13.11) such that 

\\U\\ Nm(p-l) < C, 
N—mp 



for some constant C depending on the norm 

Remark 3.1. At least in the case fi = 0, the value A = A(m), with A(m) as in (13.91) . is optimal 
in order to obtain the estimates in (14.21) . Let (p*)' = Np N _ p N+p < m < -, and < A < A N = 

'N-n\P 



. For sake of simplicity, we prove the optimality of A(m) in the case of estimates in 
Lebesgue spaces, that is when cr = jp^. 

We first consider radial solutions v(x) = v(r), r = H°(x), x e f W, of the equation 

-Q V = -^_| v |P- 2 v, x e <W, 

where f W is the Wulff shape. We also suppose that H e C 2 (R N \ {0}). In particular, we look 
for solutions v = v a = r~ a , with a > 0, which satisfy the ODE 

(3.10) -|vT 2 \{p - l)v" + ^— U' | = —\v\ p - 2 v in ]0, 1[. 

\ r J r p 

Then, v a solves (13.101) if a satisfies the equation 

F(a) = A, where F(a) := -(p - \)a p + (N - p)a p ~ l . 
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We stress that v a e L N ~ m p ("W) ifa<a m = ^pj- y Moreover, a m < being m > (p*)' . 
Hence v e W 1,p CW). Furthermore, F(a m ) = A(m). In order to prove the optimality of A(m), 
we observe that the positive function z a {x) = z a {r) = v a {r) - 1 is such that 

-Qz a = tS^^" 1 + g(H°(x)) in <W, 
H°(x)P 

z a = on dW, 



with 



(z a + l) p_1 - zV 1 - (1 - r a "')P' 1 1 

g(r) = A(m) = A(m)- 



r P ' r a "< r p+a m (p-2) 



The condition m < - gives that g e L m CW). Nevertheless, for a > a m , z a does not belong 

Nm(p-l) 

to L N -'"p ('W). This prove the optimality of A(m). 

Next step is to state an existence and regularity result for problems whose datum / is in 
LT, m > 1. To this aim, we deal with entropy solutions. 

Following IfTDl . for a general / e L l (Q.) we will say that a measurable function u is an 
entropy solution of (13.11) if g(x, u), b(x, u, Du) e L l (Q) and, for any k > 0, T k (u) e W ' P (Q) 
and 

(3.11) J a(x, u, Du) ■ DTk{u - ip) dx < J [b(x,u,Du) + g(x,u) + f]Tk(u - (f)dx, 

for all tp 6 W l Q p (Q) n L°°(Q). When T k (u) e W l Q p (n) for any k > 0, it is possible to define 
the weak gradient of u, namely Du, as the function such that DT k {u) = {Du)x\\ u \<k}, for any 
k > (see IfTOl). 

The following result holds. 

Theorem 3.2. Let us suppose that (IXZb - (TJ77T) , (f3T%j) ftoW. 7/"/ 6 L(m, cr), 1 < m < (p*)', 



p' < o~ < oo, and < A < Aim), with A(m) as in (13.91) . f/zere an entropy solution 



of (13.11) 

(3.12) \\H(Duy- 1 \\ Nn( <C||/IU. 

Remark 3.2. We stress that the assumptions of Theorem 13.21 do not allow to obtain the 
estimate (13.121) for cr = m. As matter of fact, defined m = Np N N+l , when / 6 L m (Q,), 
maxjl, m] < m < (p*)', it is possible to prove the existence of a solution such that 

WHiDU^Njn^ < C(\\f\\ m ). 

N-m 

We refer the reader to remarks |4~T1 and I5T1 

In the case 1 < m < max{l,m}, the solutions we obtain no longer belong to a Sobolev 
space, but Theorem 13.21 guarantees that there exists a solution u such that, for example, 

N-m ' 

Actually, m > 1 only if p < 2 - ^ . In this case an estimate of the type 

\\H{DuY- l \\^<C{\\f\\ m ) 

N-m 

holds for any 1 < m < fh (see Remark I47TT) . 
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Remark 3.3. We explictly observe that, in general, the above Theorem does not hold for 
/ 6 L 1 ^). For example, it has been proved in lfT5ll that, when H(£) = |£|, p = 2 and fi = 0, 
for any A > no a priori estimate holds for problem (13.11) . As matter of fact, when A = 0, 
if y8 G L*(Q) and p = q it is possible to prove the existence of a solution of (13.11) (see for 
example EH, 1551). 

Remark 3.4. We stress that the bounds (12.21) and (12.41) on H and H°, and the conditions 
(1X21 (1331) and CO) give that 

a(x, c[\Z\ p , \b(x, s,0\< clPQsDffl, 

and 

(c + )*« < 7^- 

\x\ p 

Hence, under the above growth conditions, the classical Schwarz symmetrization tecnique 
can be applied to problem (13.11) . In this way, it is possible to obtain analogous results than 
Theorem 14.21 and consequently Theorem 13 . 1 L but requiring a stronger assumption on the 
smallness of A > (see also [0| and Remark 4.1 in 11201 ). This justifies the use of the more 
general convex symmetrization. 



Remark 3.5. Let //(£) = If q = p, the regularity estimates obtained in Theorems 14.21 



and 14.31 are slightly more general than the analogous one contained in [3 1 ] . Indeed, in such 
paper the datum / in suitable Lebesgue space is considered, while we give optimal regularity 
results in Lorentz spaces. 

4. A PRIORI ESTIMATES AND APPROXIMATING PROBLEMS 

The first aim of this section is to prove three integro-differential inequalities for the re- 
arrangements of solutions of (13.11) . in the spirit of the comparison results contained, for 
instance, in 11371 . [13811 . J6J, [1231 . To prove such inequalities we need the additional assump- 
tion &M . 

Theorem 4.1. Suppose that (lO) . (EOT) . (1331) 4- (lT7T) hold, and f e L((p*)',p'). Moreover, 
suppose that fi(s) verifies (13.81) . Then any weak solution u e W^'XQ.) of problem (13.11) 
satisfies 

d r r MM 

(4.1) -— H{Du) p dx < e B{oa) \ [{c + )\s)u{s) p - l +f{s)]ds, a.e. t > 0, 
dt J{\u\>t] Jo 

(4.2) 

r* J [(c + r(r)(u(r)) p - 1 + f(r)]dr\ dt, s e]0, |Q|]. 

Moreover, for any a > - 1 we have that 
(4.3) [H(Du)*(s)r < 



^ { N "n N Y P ' ^1 JT ^ (jV + )*W(" W" 1 + f(r)]drj dt+ 
+- J t~w I J [(c + T(r)(u\r)Y- 1 + f(r)]dr\ dt 



*e]0,|Q|[. 
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Proof. Let u e Wq P (£1) be a solution to (13.11) . Using the following test function <p e Wq P (CI), 

\u\ < t, 

<p(x) = I (\u\ - t) sign u t < \u\ < t + h, 
h signw t + h < \u\, 



by the hypotheses (13.21) . (13.51) 4- (13.71) . and the Hardy-Littlewood inequality we obtain 

--^ f H(Du) p dx< 
dt J{\ u \>t) 

r r"" (J) / x 

< f3(\u\)H(Du) q dx + Uc + )*(o-)u\o-) p - 1 + /*(o-)) rfo". 

J{M>?) JO 



MM>?) 

By the continuity of we have 



f {3(\u\)H(Du) q dx = f 

J{\u\>t) Jt 



f H(Du) q dx\ ds. 

US J{\u\>s) 



Hence, using also the Holder inequality we get 



(4.4) 
and 



P(\u\)H(D, 



\u\>t 



r 

u) q dx < 



Pis) 



d 



-— H{Du) p dx\ (-//;,(*)) 

as J\u\>s 



qip 



ds, 



_d_ r 

ds J{\u\>t) 



H(Du) p dxj (-fi' u (s)) l -7> < 

-\~T f H( , D u)dx 
\ ds J{\ u \>t} 



q-p 



~ f H(Du) p dx | (-i/ u (s)) p ~' 1 

as J{|h|>.v1 



The coarea formula (12.31) and the isoperimetric inequality (12.51) imply 



(4.5) 



d_ r 

ds J{|«|> s ) 



H(Du) p dx\ (-ix'Js)) 1 -? < 



< 



(NK l ffi u (s) l -*) q ~ P (-£ J > ( H{Du) p dx^ {-n' u {s)) p - q . 



So, from (HT4T) and (1431) we have 

(4.6) f H(Du) p dx< 

dt J{\u\>t) 

/-»+oo 



--f f H(Du) p dx 

ds J[\u\>s} 



— ^"^ - ds + f z(s) ds, 

\n u (sy-N) jo 



where for sake of brevity we set z(s) = (c + )*(s)w*(,s') / '~ 1 + f*(s). 

Now, using the Gronwall Lemma and the properties of rearrangements in (14.61) . it follows 
that 
(4.7) 



-J t J H(Du) p dx< J o Z (,)exp|K^j j8(y) 



y"«Cv) 



1-7 



> ds. 
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On the other hand, if p - 1 < q < p, using Holder inequality we have 

<(y) " P ' q 



11 



Xu'(s) ( 



1-7 



dy < 



/3(y)—dy 



l-P+q r r u\s) 



Jr 



-\p-<i 



dy 



(Observe that last inequality is trivial if q = p). Furthermore, by the properties of the 
distribution function p of u, we have 



(4.9) 



t 



-K(y) 



dy < 



f 

Jo 



~^ u(y) -dy< N\Q.\b. 



My) 1 



Using (Ol) and (l4~9l) in (14771) . we get 



(4.10) 



— f 

dt J\\u\>t) 



H(Dufdx < 



r 

Jo 



z(s) exp <H — 



B(oo) 



J (Ry)) 1 ^ ^ 

<e"^ [(^'(^(ir'+A^. 
Jo 

where last inequality follows by (13.81) . and B(oo) is finite by the assumption on /?. This 



proves the inequality (14.11) . 

In order to show (14.21) . using similarly as before the Holder inequality, the coarea formula 
and the isoperimetric inequality in the left-hand side of (14.101) . we get that 



i/(p-i) 



J [(c + r(i)« , (*r 1 +/ , (* 

Integrating between 5 and we get (14.21) . 

Finally, following the argument contained in (6]|, we get last inequality (14.31) . □ 

In order to get existence and regularity results for (13.11) . we will consider the approximated 
problems 

| - div a(x, m„, Dm„) = w„, Dm„) + g n (x, u„) + f n (x) in Q, 
( w„ = on d£l, 

where b n (x,s,£) = T n (b(x, s, £)), g„(*, s) = r„(g(*, s)), /„(*) = T n (f(x)), and r„(s) = 



max{-n, min{5, n}} is the standard truncature function. Under the assumptions (|3.2I) -=- (13.71) . 
the existence of a weak solution u n e Wq' p (Q) to problem (14.1 II) follows by the classical 
Leray-Lions result (see [32J). Moreover, such solution is bounded. 

Now we use the inequalities proved in Theorem 14.11 in order to obtain some a priori 
estimates for problems (|4.1 II) . As stated in the introduction, an additional assumption on 
the smallness of the value A, depending on the summability of /, is needed. 

Theorem 4.2. Suppose that the hypotheses (13.21) -f (|3.7I) . (13.81) hold. Let f e L(m, a), with 
1 < m < — and max j-^-y, lj < <x < +oo, and 

< A < A(m), 

with Aim) as in (13.91) . Then, the weak solutions u„ of (14.1 II) are such that 



(4.12) 



„ i^- 1 1 

u n\ 1 I Nm 

N-mp ' 



< cn/iu, 



/or some positive constant C independent ofn. 
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Proof. We first consider the case cr = +00. Problem (14.1 II) verifies the assumptions of 
Theorem 14. 1[ Hence, we can use the inequality (14.21) for u n . Recalling that (c + )*(t) < 

Ak*t-%, r e]0, \Q.\[, we obtain that 



(4.13) K( S y~ l <e B( -\N4r4^ W l^lr^KWr'+^r))^ 



/>-i 



p-1 



<e B(oo) (^V<)^ 



If'* 



dtj 



< 



^IK ^l^fia-oo + ll/nlL,oo IT '"Jr 

N-mp ' ' 



Last inequality follows simply by the definition of the Lorentz norms. 
Hence, from (14.131) . recalling also that |/„| < |/|, we get 



i* n ( S y- 1 < (Ae B ^N- p \y- x \\ *_ >00 + C\\f\\ 



t m dT\ dt 



— — II Nm D0 + C||/|| m,oo I J 

(m) ' / 



N—mp 
Nm 



where C is a constant which does not depend on n. Finally, being A < A(m), the above 
inequality gives that 

<C\\f\\ mt00 , 



\u r 1 

N-mp ' 



and we get the thesis when cr = 00. Now, suppose that max {^zp l} < cr < +00. For the sake 

of brevity, we denote with z(r) the function z(t) = (c + Y(T)(u* n (T)) p ~' 1 + f*{r). As before, 
from (14.21) applied to u„ we obtain that 



r \a\ 

WW) Ikr'lL = f * f «: 

Jo 



(^(p-l)— < 



X|Q| / r \n\ , 1 r , 



z(r)dr dt 



o-(p-l) 



ds 



< 



X|n| r 
J z(r)Jr 



where last inequality is obtained by using (12.61) . being cr(p - 1) > 1. 
Let us observe that 

N 



(4.15) 



I-l + £<0 

a N 



a > 



N-p' 



If this is the case, being cr > 1, by (12.71) we get from (14.141) that 
(4.16) ||k/iL< 

>in| 



<e 6 



= K J [s« +N z(s)\ — . 
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Hence, using the Minkowski inequality, we get that 



( ]*' {shorn*))" f )" + (J*' . 

Being (c + )*(s) < A^s' 71 , writing explicitly the value of K in (14.161) . (14.171) implies 
3 ( a(N-p)-N \„ jm 

^ ^B(co W l- PQfP (p _ 4 j II 1 "" 1 IU,cr S ^fe^ • 

Hence, for m = 77^- we have that a = 77^- verifies (14.151) . and for 

N l ~PaP(p - \)p~ 1 mP(p - l)P~ l 

we get 

JV-mp ' 

for some constant C. Being < |/|, we get the thesis. □ 

Remark 4.1. We observe that, in particular, the result obtained in Theorem 14.21 provides 
estimates in terms of suitable Lebesgue norms of u n , and /. Indeed, choosing a = in 

(OH), and supposing that ^ > max{^, 1}, being L"'(Q) c L(m, ^_), if A< Aim) we 
have that 

(4.18) llKr 1 !!^ <c\\f\\ m . 

N—mp 

Clearly, if p > 2 no further assumption on m e jl, j[ is needed to get (14.181) . Otherwise, we 

have to require that m > This additional hypothesis is due only to technical reasons, 

but, when A < Aim), the estimate (14.181) holds also in the case 1 < m < For sake of 
completeness, we sketch the proof of (14.181) in the general case. We use the same notation 
of Theorem l4.2[ 

Let s > 0, and a > 0. By (14.101) we have: 

"» J{\u n \>t] i £ + \ u n\) Jo 



and 

J n (e + \u n \y I -a X 



[is + Ulis)) 1 -" - E l - a Mc + yU n ( S y-' + fis)]d S . 



Now we recall that for any s > sufficiently small and < y < 1 , the following inequality 
holds: 

x p ~ l [is + x) py ~ ip ' l) - s py - {p ~ l) ] < [is + xf - s y ] p , \fx > 0. 
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Then we have, for < a < 1 , 
p\a\ 

(4.20) (c + )X(*) p ~ 1 [(s + u* n (s)) l - a - e l - a ]ds < 
Jo 

<K ± n ±^- p L ds = AK N KE + M) i-- p _ s i- n P 

Jo S" 

Moreover, 



(4.21) [(s + u* n (s)) l - a - s l - a ]f(s) ds < C\\f\\ m \\\u n \ 1 -" 1 

Jo 



As matter of fact, we have that by Hardy inequality (12.81) . 

Jn(e + KI) ff \p-aj J n \p-a) p ' p 

Using the above inequality, (14.201) and (14.211) in (14.191) we have that, by the properties of 
rearrangements and the Fatou lemma, 

Let choose a such that (1 - a)m' = (1 - a/p)p*, after some computations we get that, being 

m < then < a < 1 and 

p 

(A(m)-A)\\\u n r l \\^_ <C(||/L), 

7V-m/7 

and for A < A(m) we get the estimate (14.181) . 

Finally, the above estimate gives also a uniform bound for Du n , that is 

(4.22) \\H(Du n y- l \\^<C(\\f\\ m ). 

N-m 

Clearly, if m > max{l,m}, m = N ^ l)+1 , this follows from (14.181) by Sobolev inequality. 
Otherwise, the above computations give that for e > 



; 

Jn 



HU)U " )P ■dx<C\\f\\ m \\{s+\u n \) l ' a \ 



nr 



) a (e + \u n \) a 

Hence, reasoning as in OTTl . Holder and Sobolev inequalities give (14.221) . 
Remark 4.2. We explicitly observe that if m = (p*)' = „ N _ P N , then 



AT \P 

^1 --B(oo) _ a „-B(oo) 



Np-N+p 

A(m) = \-—^-j e- D(oa) = A N e 

Next proposition will be an useful tool to pass to the limit in the approximating problems 
(14.1 II) . and is a consequence of the obtained estimates on u n . 

Proposition 4.1. Under the hypothesis ofTheorem \4.2\ for any t > it holds that 

(4.23) [(c + T( S )u* n ( S y-' + f t ;(s)]ds < C||/IU, 

Jo 

and 

(4.24) I \b n (x, u n , Du n )\dx < Ct~ a , 

J\\u„\>t} 

where a = — 1 )m '^Z2l m(p ~ q)] > 0, and C denotes a positive constant independent ofn and t. 
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Proof. The estimate (14.231) follows immediately from (14.121) and the definition of Lorentz 
space. 

In order to show (14.241) . let t > 0. Reasoning as in Theorem 14. 1 1 and using the same 
notation, we have that 

(4.25) I \b n (x,u n ,Du n )\dx< I p(\u n \)H{Du n ) q dx < 

J{\u„\>t) J{\u„\>t] 



r 2 
< f fi(s) \~ f H(Du n ydx\ (-MuSs)) 1 -" 

Jt \ as J{\u n \>s) I 



ds < 



< C J p(s) I J [(cyirKiry- 1 + f (r)] dr\ (iu u ,xs)y- (-n'^y-ids, 



where last inequality follows from (14.11) and (14.21) . We always denote with C a constant 
independent of n. As matter of fact, the properties of Lorentz spaces give that / e L(m, oo) 
and, by the estimate (|4.12l) . \u n \ p ~ l are uniformly bounded in L ^ nN mp , °°). This implies that, 
for s > t, 



[{c + r{r)u* n {ry- 1 + f{T)]dT <C J o 



_£ N-mp _]_ 
■J- N -J- Nm -(- f m 



= Cn Un {t) 1 --' < Ct 



dr = 



iV(p-l)(m-l) 
N—mp 



Hence, applying (14.261) in (14.251) . we get 

/ N(p-\)(m-l) f _p~q 

\b n (x,u n ,Du n )\dx<Ct »-* P(s)(ji Un (s)) ^ (-n' Un (s)y- q ds. 

J(\u„\>t\ Jt 

Hence, if q = jc, the thesis follows immediately by (13.81) . Otherwise, using the Holder 

,/> -1 ;„ T( Nm 



inequality, the hypothesis (13.81) and again the boundedness of u n in L(jf^, oo), we get 
that 



C N(p-l)im-l) 

I \b„(x, u n , Du n )\dx < Ct N - m p 

J{\u 



Pisy-^ds 



q-(p-D I rt i Un (t) 



r 

Jo 



s w ds 



p-q 



N(p- 1 )(m-l) p- ? 



with a; 



(p-l)[Af(m-l)+m(p-g)] 
N-mp 



> 0, and the proposition is completely proved. 



□ 



Now we consider the case / e L(m, cr), with 1 < m < (/?*)' and 1 < cr < +oo, and get 
some estimates for the Lorentz norm of the gradient of u n . 



Theorem 4.3. Suppose that the hypotheses (13.21) -r (13.71) . (13.81) /zo/J. Let f e L(m, cr), with 
1 < m < (/>*)', p' < o~ < +oo, anJ < /I < /i(m), wzf/z /l(m) as in (13.91 ). TTzen, weak 
solutions u n of (14.1 II) are such that 



(4.27) 



||#(0K») 



< C||/L,<~ 



/or some constant C independent ofn. 



Proof. We reason similarly to the proof of Theorem 14.21 First of all, let cr = +oo. Then, 

£ „ 

recalling (14.121) and that (c + )*(s) < Ak^s'n, we have 

{c + )\s)u* n {sy- 1 <Cs^. 
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Hence, substituting in (14.31) . and integrating, we get that 

[H{Du n )\s)f- 1 < Cs~^, 

that gives (14.271) when cr = +oo. 



In the case cr < +oo, by (14.31) we have: 



' ds 
— + 

s 



Jo * 

Xini r , ps ' I r r \ p ' 
J r a -^ij z(t)dt\ dr 

^T-1J r ~^(J Z ^ dt j dr 

with z = (c + )*(m*) p_1 + /„*. Being a > ^ - 1, if N' < d < p', using the inequalities (1231) and 



" ds_ 

s 



2.71). we obtain that 



Jo 



S * + N-N(u* n (s)) P - 1 



\<r ds r m / i + i .no-^j 



Choosing d such that A + 77 = we have that d = 77^, and N' < d < p\ being 1 < m < 

o d N m 9 N—m ' i' ' e 



Being /I < /l(m), we can use the estimates of Theorem 14 .21 obtaining the thesis. 



□ 



5. Proofs of the existence and regularity theorems 



Now we can prove the existence and regularity results for problem (13.11) stated in Section 
3. Using the estimates of the previous section, we will pass to the limit in the approximating 
problems 



(5.1) 



- div a(x, u n , Du n ) = b n (x, u n , Du n ) + g„(x, u n ) + f n (x) in Q, 
u n = on d£l, 



where, as in the previous section, b n ,g„ and /„ are the truncates of b, g and /, respectively. 



Proof of Theorem 1X71 As usual, we show that the solutions u n e W^ ,p (Q) to problem (15.11) 
found in Theorem 14 . 2l converge to a weak solution of (13.11) . i.e. for any tp e W ' P (Q.) nL°°(n) 
it is possible to pass to the limit in 



(5.2) 



r 

Jn 



Du„) ■ Dtp dx 



\ [b n (x,u n ,Du n 



) + g n (x, u n ) + f n ]ipdx. 
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By Theorem 14. 1[ being u„ bounded, 



,-b(oo) H ( Dlln y dx < [(c+yWu&sy- 1 + f*(s)]ds\dt = 

Jn Jo \Jo / 

= \-u' n (r))' [(cTdKdr 1 + /•(!)] d^dr = 



Then, by the Hardy inequality (12.81) and the Holder inequality we get 

e -B(oo) C H(DUn) P dx <A_ f H(Du*ydx+\\f\\ {p ,yy\\u n \\ p ,, p . 

Jn Ajv Jn* 

Hence, by the Pdlya-Szego inequality we get that 

[ e B(0O) " L H(DUn)Pdx - '^wii^ii^- 

Recalling the Remark [2TT1 and being A < A N e~ B( -°°\ we get that u n is uniformly bounded in 
Wq P (CI) and, up to a subsequence, 

u n — v u weakly in Wq P (Q), 

g n (x,u n ) -> g(x,u) strongly in L 1 ^). 

Moreover, b n (x, u n ,Du n ) is bounded in L l (Cl). Indeed, being f3 continuous, using (14.241) of 
Proposition 14. 11 we get that 

J\b n {x,u n ,Du n )\dx < J /3{u n )H{Du n ) q dx + J /3(u n )H(Du n ) q dx 
fi J\\u„\<k) J\\u„\>k) 



pUH(Du n ) 



<\Q\ l ~t>\ I H(Du n ) p dx\ max/3 + Ck~ a . 



Hence, we can apply the compactness result of [14], obtaining that Du n — > Du a.e. in 
Q. Now we prove the strong convergence of b n {x,u n ,Du n ) to b{x,u,Du) in L 1 . If q = 
p, this can be shown by a standard procedure (see for instance OTTl and the references 
therein). Otherwise, we use the Vitali Theorem. The equiintegrability of b n (x,u n , Du n ) 
follows observing that, similarly as before, 

I \T„(b(x,u n ,Du n ))\dx< I j3(u n )H(Du n ) q dx + I /3(u n )H(Du n ) q dx 

Je J{\u,,\<k}nE J{\u„\>k] 

q_ 

< \E\ l - q,p ( f H(Du n ) p dx\" max/3 + Ck'° < C \\E\^ max/3 + k~ a ) . 

Finally, we observe that, recalling (13.31) . a(x,u n ,Du n ) is bounded in L P '(Q), and then it 
weakly converges to a(x, u, Du) in (L P '(Q.)) N . Being u e W ' P (S1), we can pass to the limit in 
(15.21) . and this concludes the proof of part (i). 

Clearly, if / 6 L(m,cr), (p*)' < m < ^ and max{l, -^} < cr < +oo, by Theorem [472] the 
obtained solution u verifies the estimate in (ii). □ 
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Proof of Theorem \3?2\ Let u n be a solution of (15.11) . Then, the estimates (14.121) and (14.271) 
hold. As matter of fact, for a.e. t > we have that 

-— f H(Du n ) p dx =^r f H{Du n ) p dx. 

dt J{\u„\>t} dt J{| Mn |< () 

Hence, applying (14.11) to u„, and integrating between and k, by (14.231) we have that 

(5.3) \ H(DT k (u n )) p dx<Ck. 

Hence, T k (u n ) are bounded in W ' P (Q) and, up to a subsequence, T k (u n ) T k (u) weakly 
in W l Q p (Q). Moreover, \u\ p ~ l e L(jg^,o), and g n (x,w„) -> g{x,u) strongly in L^Q). 
Similarly as in the proof of Theorem l3.ll by (14.241) we get 

q_ 

(5.4) f |fc„(x, m„, Du n )\dx < \E\ y - qlp I J H(DT k (u n )) p dxj max/3 + Ck'" < 



< C\\E\ l ~pkp -maxyS + r 0, , 
\ [0,*] / 

where last inequality follows from (15.31) . Then, (15.41) gives that b n (x,u n , Du n ) is bounded 
in L'(f2), and by the compactness result contained in |[T3l (see also IfTgll ). Du n —* Du a.e. 
in Q (up to a subsequence). If # < p, the Vitali Theorem assures the strong convergence 
of b n (x,u n ,Du n ) to b{x,u,Du) in L^Q), and the strong convergence of T k (u n ) to T k {u) in 
Wq' p (Q). Otherwise, for q = p this can be shown in a standard way using a suitable expo- 
nential test function (see for instance OTTl . and the reference therein). Hence, we can pass 
to the limit in the right-hand side of 



= f [b„ 
Jn 



(5.5) a(x,u n ,Du n )-DT k (u n -(fi)dx= \ [b n (x,u n ,Du n ) + g n (x,u n ) + f n ]T k (u n - <p)dx, 
Jsi 

for all <p G Wq' p (Q) n L°°(Q). 

As regards the left-hand side of (15.51) . a simple argument based on the Fatou Lemma 
(see lfT2l ) allows to show that 

Ja(x, u, Du) ■ DT k (u - (p)dx < lim inf I a(x, u n , Du n ) ■ DT k (u n - tp) dx. 
n ' "^ + °° Jn 

Then u verifies (13.1 II) . and this concludes the proof of the existence result. 

Finally, by Theorem 14.3 1 the obtained solution u verifies (13.121) . □ 

Remark 5.1. In order to get an existence and regularity result for / 6 L m , 1 < m < (p*)', 
we can repeat line by line the above proof using the estimates contained in Remark I4TT1 
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